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Bayesian inference for caries prevalence rate
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Abstract : Many regional health projects have been planned or implemented since Health Japan

21 was stipulated. In these projects, many numerical health indicators have been established to

evaluate achievement. In small areas, however, numerical indicators are difficult to compare over

years or between regions due to data fluctuations. This statistically problematic fluctuation can be

seen in the dental caries prevalence rate. Recently, the Bayesian method has received attention as

a way to overcome this problem. In this study we attempted to assess the utility of the Bayesian

model in estimating caries prevalence in municipalities.

The results show that the Bayesian approach can stabilize the fluctuations in the rates. Moreover,

analysis using the ratio of standard error suggests the power of data adjustment by the Bayesian

method results from reduction in random error due to population heterogeneity, and the results are

clearer in sample sizes of 200 or less. Thus this study confirmed that the Bayesian method is very

useful in assessment of dental health.
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Introduction

Japan’s Ministry of Health and Welfare
stipulated “Health Japan 21” in March 2000
and then put the "Health Promotion Law” in
force in May 2003. In response to this trend,
many regional health projects have been
planned or implemented at the prefecture,
city, town, and village levels. Health Japan
21 establishes seventy health indicators as
target values in nine specific areas, which
can be used for quantitative evaluation of
improvement or achievement". This method
of evaluation is also adopted by local

governments, so that various health

indicators are set in their projects.

In small areas, however, numerical
indicators such as mortality rate or
standardized mortality ratio (SMR) are
difficult to compare over several years or
between regions due to irregular data
fluctuations”. These fluctuations are caused
by small population sizes resulting in
unstable estimates*”. To overcome this
problem, the Bayesian method is applied in
estimating SMR and Total Fertility Rate
(TFR) in “Vital statistics by health center
1993-977%9. The

statistically problematic fluctuation is

and municipality

observed in dental health indicators. That is,
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administrative health districts.
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Table 1. Average number of 3-year-old dental health examinees (children per municipality) in the

Ave. = SD. Minimum,~Maximum)

Year 1997 1998 1999 2000 2001 2002
Moriok 3895+7586  397.1+742.2  391.8+7487  380.6:698.0  392.7+7415  388.0*725.6
orioka (46,2,643) (47,/°2,600) (42,/2,620) (41,/2,449) (33,72,583) (32,7°2,541)
Iwatechuby 27963736  2617+3524  2530+340.2  2534%3522  2581%3573 264673618
w (11,7°951) (19,7°902) (16,/840) (19,7902) (17,/867) (23,7°920)
Tanko 230.8212.1  2343+207.3  2088+2045 201.3+1749  2153+2055  218.0%2174
an (43,/631) (52,/626) (48,7°601) (39,/527) (41,/609) (38,7634)
Rvoub 14681658  1464+1754  1346+167.1 1419+1666 1391+171.3  1374+1553
youban (49,7580) (33,7605) (48 ,/575) (28,7575) (36,7587) (39,/542)
Kesen 2453+197.2  239.31+203.1 22271864  217.3%£191.6  203.7+1749  209.0+175.0
ese (53,7 447) (46,/451) (48 /419) (29,7412) (36,7385) (42,/391)
Kamaishi 1843+1120 20851594 19451429  173.3+120.0 1703+111.8  159.8+107.6
(39,7303) (39,7°412) (30,/375) (31,7312) (42,7307) (33,7°286)
Mivako 1476+199.0 139.6+1785 133.1+1684  131.7+180.8 1284+1633  124.0+1674
y (25,/573) (22,/515) (26,7489) (23,/511) (23,/474) (11,7477)
Kuii 1212+143.1  1153+140.0 111.0+139.2 1155+1404  104.0+1364  108.3t136.4
J (25,7402) (24,/385) (15,/384) (25,7390) (17,/370) (19,7378)
Ninohe 119.0+854 118.6+85.4 107.8£73.9 110.0£97.5 98.4+79.9 100.0+75.5
(32,/255) (50,260) (35,/°227) (33,7°277) (30,7234 (33,/°224)

indicators such as caries prevalence rate,
which are calculated for a single age group,
tend to show larger variances in smaller
areas. This paper is aimed to assess the
utility of the

estimating caries prevalence among 3-

Bayesian approach in

year-old children in the municipalities of

Iwate.
Subjects and Methods
1. Data Sets
Data for 3-year-old dental health

examinations from 1997 to 2002 have been
used to obtain caries prevalence rate
estimates in each of the 58 municipalities of

Iwate Prefecture (Table. 1).

2. Bayesian Model

In order to obtain the Bayesian estimates,
the Beta-Binomial model™, which was used
to calculate TFR in “Vital statistics by
health center and municipality 1993-97”, was
applied®.

Processes of calculation are represented as

follows.

(a)Likelihood function of caries prevalence
rate.

Let N denote the population of a group
and D the corresponding observed number
of persons having experienced caries in that
group. Then D has a Binomial distribution of
Bin (N, q).

Now we can define the caries prevalence
rate, g, in the group :

q=D/N

Moreover, the probability density
function for D is described by the following
equation.

f DIN,@ =xCoq” (1 —g)O)V? (1)

with «Co=N!N-D)! D!

Once the sample data such as N and D
have been observed, they are fixed as
realized values. With the data sets given, if
we treat “q” as an unknown parameter, then
the Eq (1) is considered as the likelihood
function of q.

L (@|N,D) =xCoqg” (1 —g)¥P (2)

(b)Prior distribution
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The number of persons who have
experienced caries, D, has a Binomial
distribution. Hence a Beta distribution is
selected as the prior distribution for caries
prevalence rate, q. This is because Beta is the
conjugate  prior for the Binomial

distribution which can be expressed as :

P@ =w—>5vq ' (1-a) (3

where B (a, B) is the beta function,

and expectation and variance are given by :

E (@ = (4)

a
a+ B

_ ap

(¢)Posterior distribution

According to Bayes theorem®, we can
determine the posterior distribution . from
the likelihood function, (2), and the prior
distribution, (3). Thus, its probability density

function is given by :

vCoq”(1—q)"¥ PP(q)

P @IN.D) =7 & 5= q)" °p(q)dq

B 1
“B(a+D, B+N-D) ¢

H+D*l(1 _q) B+N-D~-1 (6)

which is beta distributed like the prior and

has expectation and variance as below.

a+D
a+ B+N

(a+B)(B+N-B)
(a+B+N)a+B+N+D)

E (/N D= (7)

V (@|IN,D= (8)

(dEstimation for hyperparameters of the
Beta distribution

Following the method of “Vital statistics
by health center and municipality 1993-97,”

it is assumed that the prior expectation and
the prior variance for caries prevalence rate
in each municipality are equivalent to those
in the administrative health district which
includes it. In other words, the expectation
and the variance of the district are used as
moment estimators for its municipalities*®.

First, let ni and di (i=1,23,...;t=1997,
2002) denote the number of examinees who
3 -year-old dental health
examinations and the

underwent
corresponding
observed number of those having
experienced caries for each municipality
within the health district M during the years
1997 to 2002. Then, gi=di n. denotes the
raw annual caries prevalence rate among 3 -
year-olds in the i-th municipality.

Secondly, let Qm and Vm be the
expectation and the variance for the overall
caries prevalence rate in the district M

respectively, and they are given by :

5 die

Qm=2X S (9)
— Nit _ 2

Vm=2, S (qx—Qm) (10)

As mentioned above, E(q) and V(q) are
equal to Qm and Vm respectively, so using
Eqs (4) and (5), we obtain the following

am

am+t Bm =Qm (1)

E (@=

ampBm

(am+Am)*(am+ fm+1) =Vm (2

V (@=

Eqgs {1l) and (2 may be set up as follows to

solve for parameters am and Sm :

Qm(omi—Qm) _ ., 13

am =
Vm

Bmzu—Qm){%‘;}Qmﬂ} m
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caries prevalence rate).
n denotes sample size.
Here, sample size means the number of examinees who underwent 3-year-old dental health
examination in each municipality in 2002.

Finally, by substituting ¢m and Bm for

Eq (7) and Eq (8) we can estimate the

unknown posterior expectation (posterior

variance) for caries prevalence rate in i-th

municipality. That is :

E (q | it dit) =

am-+d;
am-+ Bm-+ny

A% (q | Tit, dit) =

61
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Comparison of yearly trends between the Bayesian estimates and observed rates (raw observed

(am+ m)(Bm+ny,—di)
(am+ Sm+n)*(am+ Am+n.+1)

(16

Results

1. Comparison of yearly trends
Fig. 1
sample sizes to compare the yearly trends of

shows illustrations for several

the Bayesian estimates and observed caries
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Fig. 2. The ratio of the Bayesian estimates and observed rates.
The ratio is plotted against the sample sizes in logarithmic scale.
The meaning of sample size is the same as in Figure 1.

prevalence rates (hereafter simply referred
to as observed rates). Throughout this
article, the term “sample size” is used to
denote the raw annual number of examinees
who underwent 3-year-old dental health
examinations in each municipality. In other
words, the number of examinees is
presumed to be an observed value, and the
number of those having experienced caries
as realizations from independent Binomial
random variables. As can be seen in Fig. 1,
observed rates fluctuate larger in smaller
sample sizes, whereas the Bayesian
estimates are stable in any sample size.

2. Relation between adjustment and sample
sizes

Fig. 2 plots the ratio of the Bayesian
estimates to observed rates against sample
sizes. In sample sizes larger than 200, the

ratio is approaching 1, ie. the Bayesian

estimates and observed rates are
substantially equivalent. In sample sizes of
200 or smaller, however, the ratio fluctuates

above and below 1.

3. Comparison of the ratio of standard error
The ratio of standard error (SE-ratio) is a
percentage of standard error (SE) to
estimate. Since SE corresponds to standard
deviation (SD) for estimates, the SE-ratio can
be used to indicate the precision of
estimates®. Fig. 3 compares the SE-ratio of
Bayesian estimates and observed rates.

The SE-ratio for observed rates tends to
become higher as sample sizes become
smaller; the highest value is 35.1%. Although
a similar tendency is observed in the
Bayesian estimates, the highest value of
16.0% is much lower than that in observed
rates. On the other hand, the difference in

the SE-ratio between observed rates and
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Fig.3. The ratio of standard error (SE-ratio) of the Bayesian estimates and observed rates by sample

size.

The ratio is plotted against the sample sizes in logarithmic scale.
The meaning of sample size is the same as in Figure 1.

Bayesian estimates becomes smaller in
sample sizes over 100, and becomes
negligible in sample sizes over 200. These
results confirm that the Bayesian method is
effective enough to be used to adjust large
variances in processed statistics like caries
prevalence rate, which is obtained from
extremely small populations.

Next, the proportion of the SE-ratio for the
Bayesian estimates to that for observed
rates is plotted against sample sizes, and
then compared between the administrative
health districts (Fig. 4). As mentioned
above, there is a tendency for the SE-ratio of
Bayesian estimates to be smaller than that
for observed rates in the municipalities with
small sample sizes (Fig. 3). For that reason,
as the sample sizes decrease, the proportion
of the SE-ratio falls further from 1, while

when the sample sizes increase, it

approaches 1 (Fig. 4). However, in the
municipalities with the smallest sample
sizes in the districts of Miyako, Kuji, and
Ninohe, the proportion of SE-ratio is close to
or over 1 (indicated in Fig. 4 with an
arrow). This indicates that the adjustment of
variances by the Bayesian approach could
be deemed barely effective or ineffective in
these areas.

Discussion

This paper attempts to assess the
usefulness of the Beta-Binomial Bayesian
model in estimating caries prevalence rate
among 3 -year-old children by municipality.

First, the yearly trends of the Bayesian
estimates were compared with those of
observed rates (Fig. 1). The result shows
that observed rates fluctuate more in

smaller sample sizes, whereas the Bayesian
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Fig. 4. The proportion of the rate of standard error of the Bayesian estimates and observed rates by

administrative health district.

The ratio is plotted against the sample sizes in logarithmic scale.
The meaning of sample size is the same as in Figure 1.

estimates are stable in any sample size. This
suggests that the Bayesian method can be
used also for smoothing data series like
caries prevalence rates.

As can be seen in Fig. 1, stabilization of
caries prevalence rates by the Bayesian
method is much clearer in smaller sample
sizes. The ratio of the Bayesian estimates to
observed rates is plotted against the sample
sizes to investigate the relation between
adjustment and sample sizes. The results
show that adjustment is effective in sample
sizes of 200 or smaller (Fig. 2).

The posterior expectation of the Bayesian
estimates is computed using Eq (15, which is
denoted in Subjects and Methods. To further
examine the properties of the estimator, let

us rewrite the Eq as :

Nit Q

am+ fm am 0
am+ fm+ne Na

gm+ fm+ne am+Bm

From this, we can see that the Bayesian
estimate is adjusted closer to “diw/ny”
(observed rate) when sample size, n; is large
enough, and that it is adjusted closer to
“am,/(am+ Bm)” when sample size is
small enough. In this case, it appears that the
point at ni, = 200 is the critical point.

In order to obtain stable health indicators,
it is crucial to obtain less biased estimates. It
is said that the Bayesian estimator is a
slightly better estimator than the maximum
likelihood estimator (MLE), because the
mean square error (MSE) of the former is
much smaller than that of the latter . A
simulation study carried out by Nielsen and
Lewy ' demonstrates that the MSE of the

Bayesian estimator can be less than 5% of
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that of the MLE in some cases. In our study,
though the MLE could not be obtained the
precision of the Bayesian estimates was
evaluated in comparison with that of
observed rates, using the ratio of standard
error (SE-ratio). The relation to the sample
sizes was also compared. It is evident from
the above studies that the SE-ratio for the
Bayesian estimates is smaller than that for
observed rates in the small sample sizes, and
that the difference between them becomes
larger as sample sizes become smaller (Fig.
3). The largest difference of SE-ratio
between the Bayesian estimate and
observed rate (35.1% and 9.6% respectively)
in the same municipality is 25.5%. These
observations reaffirm that the nature of data
adjustment by the Bayesian method comes
as a result of reduction in the random error
arising from population fluctuation or
heterogeneity®”.

In addition, the proportion of the SE-ratio
for the Bayesian estimates to that for
observed rates is plotted against sample
sizes and compared between administrative
health districts (Fig. 4). Because of the
by the
Bayesian method (Fig. 3), the proportion of

abovementioned  adjustment
SE-ratio approaches 1 as the sample size
increases, and decreases further from 1 as
the sample size decreases. But the
proportions of the SE-ratio of the
municipalities with smallest sample sizes
were 0.95, 1.10, 1.06 in the districts of Miyako,
Kuji, and Ninohe respectively. This result
suggests that the adjustment of biases by
the Bayesian approach could be deemed
barely effective or ineffective in these cases.
However, municipalities with nearly the
same sample size in other districts did not
exhibit this problem, suggesting that it is

not caused by sample size. In order to obtain
Bayesian estimates for caries prevalence
rate in municipalities, the expectation and
the variance of the district are adopted as

the moment estimators for its

2.56)

municipalities®®. This is based upon the
presumption that regional rates are drawn
from superpopulation rates”. Additionally, it
appears that administrative health districts
are most appropriate as superpopulations.
Thus, these

municipalities in the same district will

estimates assume that

exhibit similar caries prevalence rates. (This
assumption follows the methodology in ”
Vital statistics by health center and
municipality 1993-97"%%%) In Iwate, however,
the administrative health districts have
some issues, including:

- They have heterogeneous populations

(Table 1).
+ They do not correspond fully to wider
living or cultural areas.
Considering these issues, there is a possibili-
ty that the above three municipalities might
have very different qualities than others in
the same districts.

Caries prevalence rate is an indicator
calculated for a single age group, such as 18
months or 3 years old. Furthermore, when
mortality rate and SMR are calculated, the
data are adjusted to obtain higher stability
by calculating averages or summation over
approximately five years®. In calculating
caries prevalence rates, however, this
method of adjustment is almost meaningless
because the rate is calculated for a single age
group, of which the smallest municipal
sample size iskonly 11 individuals (Table 1).
For that reason, estimates were computed
from single-year data. In spite of such

disadvantageous conditions, the Bayesian
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approach could successfully smooth even
the data from extremely small sample-sized
areas; it has been confirmed that the method
is particularly useful in municipalities in
which the sample size is 200 or less. Because
Bayesian smoothing does not require as
much data as other approaches*?, it might
be much more useful in small towns and
villages than other smoothing techniques. It
is expected that the Bayesian method could
become a powerful tool in dental health. On
the other hand, as issues in the
establishment of superpopulations to
estimate the prior expectation and variance
were recognized, further studies appear
necessary.

Conclusion

The usefulness of the Bayesian method in
estimating caries prevalence rate of 3-
year-old children in municipalities was
assessed.

1. Year-to-year changes of the Bayesian esti-
mates are stable in any sample sizes, where-
as observed rates fluctuate more in smaller
sample sizes.

2. Plotting the ratio of the Bayesian esti-
mates to observed rates against sample sizes
shows adjustment by the Bayesian method
works in sample sizes of 200 or smaller.

3. The ratio of standard error (SE-ratio) for
the Bayesian estimates is smaller than that
for observed rates in the small sample sizes,
and the difference becomes larger as sample
sizes decrease, with a maximum difference
of 25.56%. This reaffirms that the Bayesian
method reduces random error due to fluct-
uation in or heterogeneity of the surveyed
population.

4. Moreover, the proportion of the SE-ratio
for the Bayesian estimates to that for ob-

served rates shows that the Bayesian ap-
proach is largely ineffective in the smallest
sample-sized municipalities of the Miyako,
Kuji, and Ninohe. The particular reason for
this remains unclear, but it might be due to
issues with the method for estimating the
prior expectation (the prior variance).

5. From the above results, the Bayesian
method can be used for estimating caries
prevalence in municipalities. However, it is
necessary to further consider the process of

estimating the prior expectation (variance).
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